Abstract. An algorithm for constructing B-spline surface approximating to scatted data points of artificial tooth is presented. Firstly, the scattered data points from the laser scanning equipment are regarded as input and the triangle mesh of artificial tooth are created by the circum-sphere criterion. Secondly, the vertices of the triangle mesh are mapped into a unit square of planar parameter domain by the mean value coordinate mapping. The triangle mesh parameterization can be solving a sparse linear system. Finally, the rule sampled points of the planar parameter domain are mapped into the triangle mesh in 3D space by the inverse mapping method. The rule sampled points on the triangle mesh in 3D space are accomplished and B-spline surface interpolating to them is constructed. Experiments show that our approach is effective to construct B-spline surface approximating to scattered data points of artificial tooth.
Introduction
Computer aided design (CAD) and Computer aided manufacture (CAM) have applied to the design and manufacture for dental prosthesis since the 1980s, the technology is called denture CAD/CAM [1] [2] [3] [4] .As we know, this can significantly shorten the period of dental prosthesis and ease the pain of dental patients. Meanwhile, it has a profound impact on the theory and practice of dental prosthesis [5, 6] . For the denture CAD/CAM, the focus is on how to construct B-spline surface based on scanned data points of artificial tooth.
B-spline surface has various useful properties [7] [8] [9] for the design of complicated geometry, making it a de-facto industrial standard among surface representation schemes in computer aided geometric design (CAGD) [8] .In the reverse engineering, the data points from scanning equipment could be classified into three types according to their structure: rectangular arranged points, serial contours, and scattered points. In this paper, we propose a new approach for constructing B-spline surface approximating to scattered points of artificial tooth. Firstly, we use the circum-sphere criterion to create fast the triangle mesh of the scattered points. Secondly, we use the mean value coordinate to make that the vertices of triangle mesh in 3D space are mapped into a unit square in planar parameter domain. Points are rule sampled on the planar domain and are mapped into the triangle mesh in 3D space by the inverse mapping method. The rectangular arranged sampled points on the triangle mesh in 3D space are obtained. Finally, B-spline surface approximate to the scatted data points are reconstructed and the CAD model of the artificial tooth is provided for the prosthetic operation.
The rest of the paper is organized as follows. In Section 2, the triangle mesh surface reconstruction of denture is described briefly. In Section 3, the details of the triangle mesh parameterization and B-spline surface reconstruction are described. Its main components are described in following subsections. In Section 4, some experimental results for reconstruction of B-spline surface of artificial tooth are given to demonstrate its usefulness and quality. Conclusions are given in Section 5.
Triangle Mesh Reconstruction
Given a sequence of distinct data points 12 ( , , )
we propose a circum-sphere criterion to create the triangle mesh of denture. Firstly, we can select arbitrarily a point A from the data points P and find a point B in the neighborhood of A to make the distance AB minimal. AB is regarded as an edge of a triangle and a point C is selected in the neighborhood of A or B to make the minimal interior angle of the triangle ABC  to be maximal. The triangle ABC  and its three edges are viewed as a seed triangle and current edges, respectively. For each edge, we can utilize the circum-sphere criterion to find a point to construct a new triangle, add it to the triangle mesh and update current boundary. Repeating this step until all the data points P are involved in the triangle mesh reconstruction. The triangle mesh growth can be explained as follows:
Step 1. Select a point A from P , find another point B in the neighborhood of A to make the distance AB minimal, AB is regarded as an edge of a triangle, look for a point C in the neighborhood A or B to make the minimal interior angle of the triangle ABC  to be maximal. The triangle ABC  and its edges are viewed as a seed triangle and current boundaries, respectively.
Step 2. For each of the current boundaries, look for a new point D in the neighborhood of its two ends points and create a new triangle by the circum-sphere criterion. The new triangle should satisfy the following three conditions: ① Three vertices of the triangle are not on a line. ② The shape of the triangle should be regular triangle as far as possible. ③ There is not any other point inside the triangle. For each of the current boundaries, if we could find a point to create a triangle and tag the edge is shared by two triangles, if not, we tag the edge is a boundary of the triangle mesh.
Step 3. Update the current boundary, namely the non-shared edge of the triangle obtained in Step 2 is used as the current boundary. Repeat the step 2 until all the data points P are involved in creating the triangle mesh. Figure 1 shows that the triangle mesh of molar is created by our approach. The scattered data points are displayed in Fig.1a and the triangle mesh created is shown in Figure 1b . 
Mesh Parameterization
The planar parameterization of the triangle mesh is to find the mapping function, which can make each vertices of the triangle mesh one-to-one mapping each vertices of the triangle mesh on the planar parameter domain, as shown in Figure 2 . Meanwhile, a reasonable mesh parameterization should make the difference between the triangle mesh in the 3-D space and the triangle mesh in the planar parameter domain is the smallest [10] [11] [12] . As the triangle mesh is single boundary, we exploit the mean value coordinate mapping to parameterize the triangle mesh [13] . Supposed the vertices of the triangle mesh are . The triangle mesh parameterization is included the boundary vertices parameterization and the internal vertices parameterization.
The Boundary Vertices Parameterization
In order to accomplish that the boundary vertices are mapped into a unit square in the planar parameter domain, we should select reasonably four vertices from the boundary vertices. Supposed the distance of two adjacent boundary vertices is: Figure 3 . The boundary vertices parameterization.
The Internal Vertices Parameterization
For each of the internal vertices As we know, the boundary vertices have been obtained in the 2.1 section, and the type (2) can be written as follows:
where A is VV  matrix, V is the number of the vertices of the mesh, the elements are as follows: 
Rule Sampling
When the triangle mesh is parameterized in the planar parameter domain, we can take advantage of the inverse-mapping to sample regularly on the triangle mesh, because the vertices of the triangle mesh are one-to-one the vertices of the triangle mesh in the planar parameter domain. Supposed a point Figure 7(a) . For the rectangular arranged points, we can use the interpolation method [14] to construct B-spline surface interpolating to the points, as shown in Figure 7 
Experimental Results
The proposed approach has been tested for various scattered data points of artificial tooth. In this paper, molar, canine, incisor and dental crown in the prosthetic operation are included to demonstrate the usefulness and quality of our approach. Firstly, for a molar model, there are 12099 vertices and 24069 triangles, respectively. The rule sample points in 3-D space is shown in Figure 7 (a) and the constructed B-spline surface is shown in Figure 7 (b). The maximal deviation between the scattered data points and the constructed B-spline surface is 0.117 mm.
Secondly, there are 5678 vertices and 11256 triangles in a canine model, as shown in Figure 8 (a) and Figure 8(b) , respectively. The maximal deviation is 0.046 mm, and the reconstructed B-spline surface is shown in Figure 8 Thirdly, there are 3986 vertices and 7908 triangles in an incisor model, as shown in Figure 9 (a) and Figure 9 (b), respectively. The maximal deviation is 1.835 mm, and the reconstructed B-spline surface is shown in Figure 9 (e). 
Conclusions
This paper presents a new approach for B-spline surface reconstruction based on scattered data points. Through the circum-sphere criterion, the triangle mesh can be easily acquired according to the requirement. This article presents a method of the triangle mesh parameterization that the vertices of the mesh are mapped into a unit square of planar parameter domain. The rule sampled points of the planar parameter domain are mapped into the triangle mesh in 3D space and the rectangular arranged sampled points of the triangle mesh can be obtained. B-spline surface approximating to scattered data points can be accomplished. Experimental results show that our approach is effective in reconstruction B-spline surface of the artificial tooth. The future work of the main is to improve the accuracy of surface reconstruction and adaptive sampling.
